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PROBLEMS AND SOLUTIONS. 257 

The locus mil be an equilateral hyperbola, if the axis of the parabola is perpendicular to an asymptote 
of the other conic. 

The two points at infinity of the locus (S) will coincide, if di is parallel to ai, i. e., if d\' is an 
axis of (Si). Hence: The required locus will be a parabola, if the axis of the given parabola is parallel 
to one of the axes of the other given conic. 

If the central conic is a circle, the locus is always a parabola. 

In the construction above, if for the diameter g 2 is taken the one % passing through &, the 
corresponding diameter »i of (Si) is the tangent to (S) at this point. The diameter Wi will coincide 
with n 2 , if the conjugate directions of n% in (Si) and (S 2 ), respectively, are perpendicular to each 
other. The line n% is then a part of (S). Hence: If the directions conjugate in the two given conies 
to the line of their centers, are perpendicular to each other, the locus degenerates into two straight lines, 
one of which is their line of centers. 

The reader may discuss the case when the axis of the parabola passes through the center of 
the other given conic. 

III. Two parabolas. The required locus passes through the points at infinity of the given 
parabolas (Si), (S 2 ), the conic (S) is therefore always an hyperbola. Draw the tangent to (S 2 ) 
which is perpendicular to the axis of (Si). The diameter of (Si) which passes through the point 
of contact, is one of the asymptotes of (S). The other asymptote is found in the same way 
starting with (Si). The hyperbola (S) will be equilateral, if the axes of the parabolas are per- 
pendicular. If these axes are parallel, their common point at infinity is the center of the two 
superposed projective pencils (qi), (g 2 ), whose double elements constitute the required locus. 

B. Polar Planes with respect to Quadrics. 

If P is a point of the required locus, its polar planes in, ir 2 with respect to the two given 
quadrics (Sj), (S 2 ), meet the plane at infinity in two lines pi, p 2 , which are conjugate with respect 
to the imaginary circle at infinity (7), i. e., p 2 passes through the pole M of pi with respect to (7). 
The poles, with respect to (Si) of all the planes passing through pi, are on the fine nil which is the con- 
jugate to pi with respect to (Si) ; the poles, with respect to (S 2 ), of all the planes passing through 
M, are in the polar plane ^ of M with respect to (S 2 ). The point P is therefore the point of 
intersection of the line wi with the plane /x 2 - If p varies in the plane at infinity, mi describes the 
bundle of lines (mi) having for its center the center of (Si), and the two forms (pi), (nil) are recip- 
rocal; if the point M varies in the plane at infinity, ju 2 describes a bundle of planes (jm), having 
for its center the center of (S 2 ), and the two forms (M ) and G* 2 ) are reciprocal. The two plane 
forms (M), (pi) being reciprocal with respect to (7), the bundle of lines (mi) is reciprocal to the 
bundle of planes 0" 2 ). Hence: The locus of the point whose polar planes, .with respect to two given 
quadrics, are perpendicular to each other, is, in general, a quadric passing through the centers of the 
given surfaces. 

Also solved analytically by Florence P. Lewis. 

480. Proposed by CLIFFORD N. MILLS, Brookings, S. Dakota. 

Of equal quadrilaterals on the same base, that which has the least perimeter must have the 
angles not adjacent to the base equal to each other. 

Solution by Elijah Swift, University of Vermont. 

We shall first prove a different theorem and then show it is equivalent to the above. "Of 
isoperimetric quadrilaterals on the same base, that which has the greatest area must have the 
angles not adjacent to the base equal to each other." Call the vertices ABCD, the given base 
being AD. The maximum quadrilateral must have AB = BC = CD, since, if the triangle ABC is 
a maximum, it is isosceles. Again, it must be inscriptible in a circle and hence is an isosceles 
trapezoid with angle B equal to angle C. 

Now suppose we could find another quadrilateral, AB'C'D, having the same area as ABCD, 
but a smaller perimeter. It is clear that we can then construct a third quadrilateral, e. g., by 
moving the vertex B' to B", so that AB"C'D has a larger area than AB'C'D or ABCD, but the 
same perimeter as ABCD. But this is impossible. Also, there can be no other quadrilateral 
having the same area and perimeter. Hence, ABCD has the least perimeter, for the given area, 
as well as the most area for a given perimeter. 



